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Introduction 

It has been recently discovered that the minimum number of equations that 
are needed to define an algebraic variety, in general, depends on the char- 
acteristic of the ground field. The first examples to be found were the 
determinantal and Pfaffian varieties considered in [JJ. Later, in [2], [3J, [5] 
and [6] , we presented infinite classes of toric varieties which are set-theoretic 
complete intersections (i.e., are defined by the vanishing of as many polyno- 
mials as their codimension) only in one positive characteristic. In all these 
cases, the polynomials were, in fact, binomials. This raised the question 
whether there exists a toric variety V which is defined by codimU bino- 
mial equations in more than one, but not in all positive characteristics. In 
the present paper we show that the answer is negative if V is simplicial 
and codimV = 2. We give a complete classification of the possible cases 
in terms of the arithmetic properties of the affine semigroups attached to 
these varieties. This is an exhaustive study, which includes and completes 
all previously known results. 
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1 Preliminaries 



Let K be an algebraically closed field, and let T be a finite subset of Tff 1 (n > 
2) having cardinality m > 0, say T = {ti, . . . , t m }, where tj = (tn, . . . , tj„) 
for all i = 1, ... ,m. We will throughout assume that the set T is not free 
over 2Z. Consider the homomorphism of polynomial rings 

4> T ■ K[zi, ...,Zm]-> K[m, ...,u n ] 

such that 

4>t(zi) = Ui 1 ■ ■ ■ u^* 1 , for all i = 1, . . . ,m. 

The ideal It = ker (f> T is generated by all binomials 

„af---ai\ af Q + q,- , * 

n - n - ~ Z l ' ' ' _ Z l ' ' ' 2 m" v ^ 

where , are nonnegative integers (not all zero) such that 

afti-l ha™t m = ai"tH ha~t m , (2) 

and in fact there is a one-to-one correspondence between the binomials ([!]) 
in It and the semigroup relations ([2]) in INT. The ideal It is the defining 
ideal of the variety Vr C K m parametrized by 

z\ — "n ) • • • ! *m — a l u n > 

which is an affine toric variety. If all sums 2~Zj=i^j> f° r * = 1, • ■ ■ ,»7i, are 
equal, then this parametrization is called homogeneous and it defines a pro- 
jective toric variety in P 171 ^ 1 . The dimension of Vr is equal to the rank of 
the abelian group 'ZfiL' if V is affine, it is one less if V is projective. 
If, n < m, and, up to a change of parameters, for all i = 1, . . . , n we have 
tj = cej with c a positive integer and ej the ith element of the canonical 
basis of 2S 1 , then V is called simplicial, and we have dim^ = n if V is 
affine, dim!/ = n — 1 if V is projective. In this case, whenever 7^ for 
aUi = n + l,... 3 m and all j = 1, . . . , re, the parametrization of V is called 
/uZZ. A simplicial toric variety of dimension 1 is called a monomial curve: 
we have an affine monomial curve for n = 1 and a projective monomial 
curve if the parametrization is homogeneous and n = 2; in both cases the 
parametrization is obviously full. Set codimVr = r. Then we say that Vt 
is a (binomial) set-theoretic complete intersection if there are (binomials) 
Fi, . . . , F r G K[z\, . . . , z m ] such that 



I T = J(F 1 ,...,F r ), 
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which, by Hilbert's Nullstellensatz, is equivalent to stating that Vt is defined 
by the following system of r (binomial) equations: 

Fx = ■ ■ ■ = F r = 0. 

According to the above description, for the variety Vt the property of being 
a complete intersection (i.e., the equality between the minimal number of 
generators of It and codim Vt) only depends on T, and is thus independent 
of the ground field K. The (binomial) set-theoretic complete intersection 
property, however, depends, in general, on char K. Barile, Morales and 
Thoma proved the following result. 

Proposition 1 ([8], Theorem 4) // charK = 0, then Vt is a binomial set- 
theoretic complete intersection if and only if it is a complete intersection. 

Remark 1 There are many examples of affine or projective monomial curves 
which are not complete intersections, but are set-theoretic complete inter- 
sections in characteristic zero: some of them can be found in [9], [10], [llj . 
HI, [H], IE], [20], [2] and [22]. This fact, together with Proposition [Q 
shows that being a set-theoretic complete intersection is, in general, a strictly 
weaker condition than being a binomial set-theoretic complete intersection. 
We do not know, however, whether this is true in positive characteristics. 

The sets T for which the variety Vr is a complete intersection have been 
completely characterized by means of the following notions, introduced by 
Rosales [19]. 

Definition 1 Let T\ and T 2 be nonempty subsets of T such that T = T1UT2 
and Ti fl T2 = 0. Then T is called a gluing of T\ and T 2 if there is a nonzero 
element w G Ff 1 such that ZT X n ZZT 2 = and w G Mi n MT 2 . 

Definition 2 The set T is called a complete intersection if T is the gluing 
of T\ and T 2 , where each of the subsets T\ , T 2 is a complete intersection or 
generates a free abelian semigroup. 

The next result is due to Fischer, Morris and Shapiro |12j . 

Proposition 2 The variety Vt is a complete intersection if and only if T 
is the gluing of two subsets T\ and T 2 which are complete intersections. 

Proposition Q] is false in positive characteristic: here a necessary and suffi- 
cient condition for being a binomial set-theoretic complete intersection can 
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be formulated in terms of an arithmetic property of the set T and of the 
affine semigroup INT, which is derived from the ones given in Definitions [T] 
and [2] and was introduced in [8], pp. 1894-1895, by means of the following 
two definitions. 

Definition 3 Let p be a prime number and let T\ and T2 be nonempty 
subsets of T such that T = T\ U T2 and T\ n T2 = 0. Then T is called a 
p-gluing of T\ and T2 if there are a nonnegative integer k and a nonzero 
element w G ffl 1 such that 2ST\ n ^T 2 = and p k w G iZVTi n iZVT 2 . 

Definition 4 The set T is called completely p-glued if T is the p-gluing of T\ 
and T 2 , where each of the subsets T\,T% is completely p-glued or generates 
a free abelian semigroup. 

Remark 2 The comparison of the above definitions yields the following. 

a) If T is the gluing of two nonempty subsets T\ and T 2 , then it is the 
p-gluing of T\ and T 2 for all primes p. 

b) If T is a complete intersection, then it is completely p-glued for all 
primes p. 

Proposition 3 ([8], Theorem 5) If charK = p, then Vr is a binomial set- 
theoretic complete intersection if and only ifT is completely p-glued. 

The papers [2J, [I], [5], [B] present classes of toric varieties that fulfil this 
property in exactly one positive characteristic p, whereas those described in 
[3], and some of those contained in [5j, do not fulfil it for any p. In all other 
known cases the property holds for all p. We recall two general results in 
this direction. 

Proposition 4 ([7], Theorem 1) Every simplicial toric variety with a full 
parametrization is a binomial set-theoretic intersection in all positive char- 
acteristics. 

This proposition includes the following one as a special case. 

Proposition 5 ([15J, Corollary) Every projective monomial curve is a bi- 
nomial set-theoretic complete intersection in all positive characteristics. 

So far no toric variety is known which is a binomial set-theoretic complete 
intersection in more than one, but not in all positive characteristics. The aim 
of this paper is to show that no such examples exist among the simplicial 
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toric varieties of codimension 2. In Sections 3-5 we will give a complete 
classification of p-gluings for affine simplicial toric varieties of codimension 
2. In Section 4, in particular, we will introduce an arithmetic invariant 
which allows us to distinguish between the possible cases. 
In Section 2 we will preliminarily clarify the role of Propositions H] and [5] in 
the general arithmetical framework of completely p-glued sets. We will also 
prove the following additional result. 

Proposition 6 Every affine simplicial toric variety of dimension at most 
2 is a binomial set-theoretic complete intersection in all positive character- 
istics. 

2 Some known results revisited 

In the sequel, given any v E we will denote by Vi its i-th component, 
for 1 < i < n. 

We will consider the varieties Vp, where T = {a, b, cei, . . . , ce n } C Z? 1 , 
and c is any positive integer. This class consists of all affine (or projective) 
simplicial toric varieties of codimension 2 in K n+2 (or in F" 1 ^). It is not 
restrictive to assume that, for alii = 1, . . . , n, we have en ^ or fej ^ 0. We 
introduce the following two partitions of T: 

fi = {a}, T 2 = {b,cei, . . . ,ce n }, 

fi = {b}, T 2 = {a,cei, . . . ,ce n }. 

For all v £ 'M 1 we will set suppv = {i\v{ ^ 0}. The content of the next two 
propositions is not totally new, since they partly consist of results collected 
from other sources. Nevertheless, we find it useful and interesting to re- 
propose these statements here in a unified form, which emphasizes the role 
of p-gluings. The proof of the next proposition under the assumption (i) is 
hinted at in [8], Example 1. 

Proposition 7 Suppose that either 

(i) suppb C suppa, or 

(ii) suppb = {1, . . . , n} \ suppa. 

Then T is the p-gluing ofT\ and T 2 for all primes p. 

(If a and b are exchanged, then T is the p-gluing ofT\ and T 2 for all primes 
p.) 
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Proof .-Suppose that (i) holds. Since 

n 

ca = ajcej € ^T2, 
i=l 

the number 

a = gcd{A E G ^T 2 } (3) 

is a well-defined positive integer. Moreover 

2Zf x n ^T 2 = ^aa. 

We have that, for some integers /3, 71, . . . , 7„, 



aa = (3b + 7^ 



i=l 

i.e., for alH = 1, . . . , n we have the following equality, where either side is a 
natural number: 

aai = f3bi + 7^. (4) 

We have to show that under the given assumption, for all primes p there is 
a nonnegative integer k such that 

p fc aa€^VT 2 . (5) 

Suppose that suppb C suppa. Then, for all i £ suppb, in ^ we have 

7i 
'6i 



aaj > 0, whence — 77- < 7- Set 



7 = max — (6) 

iS supp b Oj 

Then 7 < £. Let be any prime number. We can choose a sufficiently large 
positive integer k so as to have 

Q 

p k 7 <d < p k - (7) 

c 

for some integer d. Set 

= p k (3 - dc, 

and, for all i = 1, . . . , n, 

li = P k li + dh. 
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Then (|7|) implies that > and, moreover, from © and ([Tj), for all i € 
suppb, we get 

pkJi > _ p fc 7 > _ d 

which implies that 7^ > 0. If i suppb, then from we deduce that 
OLdi = jic, which gives us 7^ > 0, so that 7- = p k "fi > 0. Hence 

n 

/aa = /?'b + ^7-ce i , 
i=i 

so that ([5]) is true. 

Now suppose that (ii) holds. For all i £ suppa we have > and 6j = 0. 
Thus, in view of (j4]) we also have aa% = jic, where ji > 0. Therefore 

aa= J2 HceiGlNfz, 

id supp a 

so that ([S]) is fulfilled for k = 0. This completes the proof. 

Proposition 8 a) If T is the gluing of T\ and T2 (or of T\ and T2), then 
T is a complete intersection. 

b) Let p be a prime. If T is the p- gluing of T\ and T2 (or of T\ and T2), 
then T is completely p-glued. 

Proof .-We show the claim for T\ and T2. In view of Remark [2] a), it 
suffices to show that T2 is the gluing of T21 = {b} and T22 = {cei, . . . , ce n }: 
in fact, INT21 and MT22 are both free abelian semigroups. Now, if (5 = 
c/ gcd(c, b n ), then Z(3h = ZT 2 i n 2ZT22 and 0b G Wf 2 i D iZVT 22 . The 

claim for T\ and T 2 can be shown similarly. This completes the proof. 

Corollary 1 If n < 2, then, for all primes p, T is the p-gluing of T\ and 
T2, or ofT\ and T 2 . In particular, it is completely p-glued for all primes p. 

Proof .-The first part of the claim follows immediately from Proposition 
since for n = 2 one of (i) and (ii) must hold. The second part is a 
consequence of Proposition [8] b). 

Remark 3 Proposition [H Proposition [5] and Proposition [6] follow from 
Corollary [1] and Proposition [3J 
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3 The main theorem on p-gluings 



In this section we prove the crucial technical result. We consider the set 
T introduced above and assume that it does not fulfil the assumption (i) 
of Proposition [7] with respect to any order of a and b. We show that the 
property of being p-glued then reduces to the property of being the p-gluing 
of T\ and T 2 (or, equivalently, of T\ and T 2 ). 

Theorem 1 Let p be a prime. Suppose that none of suppa and supph is 
contained in the other. IfT is the p-gluing of two nonempty subsets T\ and 

T 2 , then T is the p-gluing ofT\ and T 2 , and of T\ and T 2 . 

Proof .-As a trivial consequence of the first assumption, we have n > 2, 
and we may assume that, up to a change of indices, a\ 7^ 0, 61 = 0, 02 = 0, 
&2 7^ 0. By the second assumption there is w £ Z7 1 ', w/0, such that 

2Zw = ZT X n ZT 2 and p k w G MT 1 n MT 2 (8) 

for some nonnegative integer k. Let 

Ti = {tn,...,ti r }, and T 2 = {t 2 i, . . . ,t 2s }. 

Then we have 

r s 
i=l i=l 

for some a± , . . . , a r , j3\ , . . . , /3 S £ and 



p k w = J2^u = 2At M (10) 

i=i i=i 

for some di, . . . , o r , . . . , /3 S El Since T\ U T 2 = T, up to exchanging T\ 
and T 2 we may assume that a € Ti, say tn = a, so that a,\ is the coefficient 
of a in ([9]) and a.\ is the coefficient of a in (jlOp . We will also adopt the 
following notation: 

h = {i\cei E Ti} and I 2 = {i|cej E T 2 }. 

The theorem will be proven in several steps, through a sequence of interme- 
diate claims. 

Claim 1 a) One of a and b appears in fjlQf) with a nonzero coefficient, 
b) If ct\ 7^ 0, then a\ 7^ and 1 G I 2 . 
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Proof of Claim 1. If a and b both appeared in (|10p with a zero coefficient, 
then we would have w = 0, because the set {cei, . . . ,ce n } is free, against 
our assumption on w. This proves a). We now prove b). Suppose that 
6l\ 0. Then 1 G I 2 , otherwise we could assume that t\ 2 = cei and we 
would deduce that 

p w\ = a\a\ + a 2 c = (J, 

because b\ = 0. Since all elements in the above equality are nonnegative 
integers, it would follow that a\ = 0, against our assumption. Now suppose 
for a contradiction that a\ = 0. Then, since 1 G I 2 and 61 = 0, from © we 
deduce that wi = 0. But the element 

u = ca - ^2 aicei = ^2 ciicei (11) 
ieii ieh 

also belongs to ZT\ n ZT 2 . However, since u% = a±c 7^ 0, we conclude that 
u cannot belong to 2Zw, which contradicts §8§. This shows that at 7^ and 
completes the proof of Claim 1. 

Claim 2 If 1 € I 2 , then 
and a 1 =p k a 1 . 

Proof of Claim 2. In view of ([9]), 

Qia G 2ZT X n ZT 2 . 

This intersection is a subgroup of Za., hence it is ^ya, for some integer 
7 having the same sign as ot\. Since ct\a G ZZja, we also have that 7 
divides a%. Since 7a G ^?2, the element 7a = Ttn can be expressed 
as a linear combination, with integer coefficients, of b,ei, . . . , e n , i.e., of 
ti2, . . . , ti r , t2i, . . . , t2 S . We thus have an equality 

j2<4t u = j2^t 2i (12) 

1=1 1=1 

for = 7 and some > • • • > ^r? P\ ■> ■ ■ ■ 1 P's ^ ^ The element on either side 
of (fl~2j) belongs to n -23~2 j hence it is equal to Aw for some A G /Z. Thus 
([12]) implies that 

Au^ = 701, (13) 
because 1 G I 2 and 61 = 0. On the other hand, Q yields 

W\ = a±ai, (14) 
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but then, replacing (fl~4|) in (fl~3j) . we get Aai = 7, so that a\ divides 7. We 
thus conclude that a% and 7 are associate integers of the same sign, i.e., 
a\ = 7. Furthermore, equality (fTUj) gives us p fc uii = u\a\, from which, in 
view of CEU), we deduce that 5t\ = p k a\, as required. This completes the 
proof of Claim 2. 

Claim 3 If oc\ 7^ 0, then b appears in (I10p with coefficient zero. 
Proof of Claim 3. Suppose for a contradiction that, under the given hypoth- 
esis, b appears in (|10p with a nonzero coefficient. There is j G {1,2} such 
that b G Tj. Therefore, replacing a with b, ei with e 2 , and T\ with Tj, 
Claim 1 b) allows us to conclude that ce 2 G" Tj. Then 

v = cb — \_. bicei = 2_, bi.cei G Z£L \ (~l /£^ 2 , 

and v\ = 0, because b\ = 0, whereas V2 = ^ 0. But then v and the 
element u from (jlip cannot both belong to 5Zw, which contradicts (|8|). This 
proves Claim 3. 

Claim 4 If a\ 7^ 0, then T is the p-gluing of T\ and T^. 

Proof of Claim 4. From (I10p we get, in view of Claim 1 b), Claim 2 and 

Claim 3, 

aia = p k a\3i e Z{cei, . . . , ce n }, 

which implies that 

p fc |«i|aG JV{cei,...,ce n } C iVT 2 . (15) 

On the other hand, by Claim 2, 

Z\ai\a = 2ZT X n ^T 2 , (16) 

which, together with (|15p . implies that T is the p-gluing of T\ and T 2 . This 
proves Claim 4. 

Claim 5 T is the p-gluing of T\ and T 2 . 

Proof of Claim 5. According to Claim 1 a), we have that either a or b 
appears in (|10p with a nonzero coefficient. In the latter case we have that 

T is the p-gluing of T\ and T 2 : this follows from Claim 4, after exchanging 
a and b. So assume that the former case occurs, i.e., that ct\ ^ 0. Then, by 
Claim 1 b), 1 G h- Let > be such that 

Z.i'b = ZTy n Zf 2 - (17) 



10 



Then, for some integers a', 7^, ... ,7^, 

n 

0'b = a'sL + ^liCei, (18) 
i=i 

so that, a'a € ^Ti n ^2 and therefore, in view of Claim 2, a\ divides a'. 
Hence (I18p implies that 

/?'b G ^{aia, cei, . . . , ce„}, 

whence 

p fc /3'b € ^{p fc Qia, cei,,..., ce n } C ^{ce l5 . . . , ce n }, 

where the inclusion follows from (|15p . Therefore p k (5'h G -ffVjcei, . . . , ce n } C 

iA^. This, together with (fT7|) . shows that T is the p-gluing of T\ and T2. 
This completes the proof of Claim 5. 

We can now conclude the proof of the theorem. By Claim 5, T is the p- 
gluing of T\ and T<i- The argumentations developed above, with a and b 
exchanged, allow us to conclude that T is the p-gluing of T\ and T2 as well. 
This completes the proof of the theorem. 



Lemma 1 If T is the p-gluing of two nonempty subsets T\ and T2 for two 
different primes p, then it is the p-gluing ofT\ and T2 for all primes p. 

Proof .-If T is the p-gluing and the p'-gluing of T\ and T2, where p and p' 
are distinct primes, then there is w G Z7 1 such that Zfivt = WT\ n Z6T2 and 

p k w,p' k 'w G WTi n JVT 2 , (19) 

for some nonnegative integers k, k' . Let q be a prime. Then there are 
a,b,£ G W such that 

q e = ap k + bp' k ', 

so that, by (fT9~j). 

G WTi n iVT 2 . 

This proves that T is the g-gluing of T\ and T2 , which completes the proof. 
Proposition [71 Theorem [1] and Lemma [U imply the following result. 

Corollary 2 IfTis completely p-glued for two distinct primes p, then it is 
completely p-glued for all primes p. 
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The converse of statement b) of Remark [2] is not true: Propositions 2] and 
[5] provide infinitely many examples of sets T which are completely p-glued 
for all primes p, but are not complete intersections. We, however, have the 
following result. 

Corollary 3 Suppose that neither of supp a and supp b is contained in the 
other. Then T is completely p-glued for all primes p if and only if T is a 
complete intersection. 

Proof .-We just need to prove the only if part. Suppose that T is completely 
p-glued and g-glued, where p and q are distinct primes. By virtue of Theorem 
[H T is the p-gluing and the g-gluing of T± and T 2 , so that, for some nonzero 
a £ IN, we have 

TZaa = ZTi n ZT 2 , (20) 

and p k aa E JNT 2 , q k a& € INT2, for some nonnegative integer k. Since 
suppb <jt_ supp a, this implies that p k aa., q k aa. G M{cei, . . . , ce n }. Let g = 
cj gcd(c, ax,..., a n ). Then INga = Ma n M{cex, ■■■ , ce n }. Thus g divides 
both p k a and q k a, so that g divides a. But then aa € M{cex, ■ ■ ■ ,ce n }, 
whence 

aa € Wfx n Wf 2 . (21) 

Relations ()20p and (|2ip show that T is the gluing of T\ and T 2 . In view of 
Proposition [8] a), it follows that T is a complete intersection. This completes 
the proof. 

Proposition [7J Theorem Q] and Corollary [2] imply the following. 
Corollary 4 T/ie set T is completely p-glued 

(a) for exactly one prime p, or 

(b) for every prime p, or 

(c) for no prime p. 

Moreover, if T is completely p-glued, then it is the p-gluing of Tx and T2 ( or 
of Tx and T 2 ). 

4 A computational point of view 

In this section we provide a complete arithmetic characterization of the sets 
T fulfilling each of the cases listed in Corollary 2] under the assumption that 
neither of supp a and suppb is contained in the other. Our first step is to 
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derive a closed formula for the number a in ([3]) . Up to dividing the elements 
of T by their greatest common divisor 5 (which corresponds to a change of 
parameters for Vt, in which, for alH = 1 . . . , n, u?, and u^ 1 are replaced 
by u, C//<5 , ii" l//<S and u^ 5 , respectively), we may assume that 

gcd(c, ai, . . . ,a n ,&i, . . . , b n ) = 1. (22) 

For all A G W consider the n x (n + 2)-matrix with integer entries 

/ Aai 6i c • • • \ 
: : '■. : 



A x = 

\ \a n b n 

and the n x (n + l)-submatrix 

/ 6i c 
: '■. 



.4' 



'•• 

c J 

\ 



V K o • • • o c ) 



For all A G -2V let g\ be the greatest common divisor of the n-minors of A\ 
and let g' be the greatest common divisor of the n-minors of A'. Moreover, 
set 

gcd (c n_1 ai, c n - 2 (aibj - a-jbi)). 



fj 



l<i<j<n 



Then 



9\ = gcd(g',Xg). 

If we apply the solvability criterion for diophantine systems given in [13] to 
A'x = Aa, we conclude that Aa G if and only if g' = g\, i.e., if and only 
if g' divides Xg, which is the case if and only if A is a multiple of 



Note that 



g'= gcd (cV"-\) 

Ki<n 



a 



„n-l 



fj 



icd(g',g)' 



f ' gcd (c, hi) - r 

Ki<n 



n-2 



gcd (c ,ch), 

Ki<n 



(23) 



(24) 



and 



n-2 



g = c" ~ gcd (cai,a,ibj - cijbi), 

l<i<j<n 
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so that 



?cd(g',g) = c n 2 gcd (c 2 , coj, c&j, a^- - ajbi 

l<i<j<n 



n-2 



C 



gcd (cgcd(c,ai,bi),aibj - ajbi) 



l<i<j<n 

■n-2 



c n gcd (c,aibj - ajbi), (25) 

l<2<j'<n 



where the last equality follows from (|22p . Finally, from (|23p . (|24p and ()25|) 
we deduce that 

cgcd 1<i<n (c,6 4 ) 
which is the sought closed formula. 

We are now ready to prove the main result of this section, which completes 
Corollary 2 in [7]. 

Proposition 9 Suppose that neither of supp a and supp b is contained in 
the other. Let c' = gcd 1<i<J<n (c, a%bj — ajbi), and set 
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d 



gcdi<i< n (c', Oj) gcd 1 < i < n (c', bi) 
Then T is completely p- glued 

(a) for exactly one prime p, if and only if g(T) is a positive power of 

p; 

(b) for every prime p, if and only if g(T) is equal to 1; 

(c) for no prime p, if and only if g(T) has two distinct prime divisors. 

Case (b) occurs if and only if T is a complete intersection. 

Proof .-We preliminarily note that the last claim is a consequence of Corol- 
lary [3j Let p be any prime. By virtue of Theorem [T] and Proposition [8] b), 
T is completely p-glued if and only if it is the p-gluing of T\ and T%. This 
occurs if and only if p fc aa G INT2, which is equivalent to 

p fc aae M{ce 1 ,...,ce n }, (27) 

for some nonnegative integer k, where a is the positive integer defined in 
(j3J) and given by the formula (|26l) . Now ([271) is true if and only if p k is a 
multiple of 

c c 

u> 



Scd 1<i<n (c, aa { ) gcd(c, a gcd 1<i<n (ai)) ' 
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Thus (|27p is true for exactly one prime p, for every prime p, or for no prime p 
if u; is a positive power of p, is equal to 1, or has two distinct prime divisors, 
respectively. In view of (|26|) we have 



c 



gcd(c, f-gcd^^Jc,^ 
c 


5cdi<i< n (ai)) 


#gcd(c',gcd 1 < i < ri (c, hi) 


g c di<i<n(ai)) 


d 





gcd(c', gcd 1 < i < n (c / , &») gcd 1 < i <„(a i )) 



gcd(c', gcd 1 < i < n (c / , bi) gcd 1 < i <„(c / , a*)) 



gcdi<i< n (c', &t) gcd 1 < i < n (c', at) ' 

where the last equality follows from the fact that, as a consequence of (|22j) . 
gcd(c', ai, . . . , a n , b\, . . . , 6 n ) = 1. This shows that u = g(T) and completes 
the proof. 

Remark 4 Since g(T) is a divisor of c, case (c) of Proposition [9] cannot 
hold whenever c is a prime power. From this we deduce the well-known fact 
that T is always completely p-glued if c = p r for some nonnegative integer 
r (this statement holds for simplicial toric varieties of any codimension: for 
a proof see, e.g., [5], Proposition 2). In [6\ we considered the case where 
c = p. There, in Theorem 2.1, we gave a different characterization of case 
(a) in form of four arithmetic conditions. 

5 Applications to set-theoretic complete intersections 

We now use the results on p-gluings proven in Section 3 for giving a complete 
characterization of simplicial toric varieties of codimension 2 with respect 
to the property of being a binomial set-theoretic complete intersection. The 
(afRne or projective) toric variety Vt attached to the set T considered in the 
previous sections admits the following parametrization: 

Xx=u\, X n =U c n , y l = u a l 1 ■■■ y 2 = u b 1 1 ■■■ vfc. 

As an immediate consequence of Proposition [3] and Corollary we have the 
following. 

Corollary 5 A simplicial toric variety of codimension 2 is a binomial set- 
theoretic complete intersection in characteristic p either 
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(a) for exactly one prime p, or 

(b) for every prime p, or 

(c) for no prime p. 



Example 1 Suppose that T is the p-gluing of T\ and T2, with '/£L \ n Zfil ^ = 
Zaa. and p fc aa = (3h + Ya=i PiC e i, where k,/3,/3x ...fin G M. Then the 
construction performed in the proof of [8], Theorem 5, shows that Vt is a 
set-theoretic complete intersection defined by the vanishing of the following 
two binomials: 

Fx = yf a - rfxf • • • F 2 = ^ - ■ ■ • 4". 

Here we have set 7 = ^.^,6.) , and $ = gcdi J^ b]) for alH = 1, . . . , n. 

Remark 5 According to [6], Theorem 2.1, if c = p, then is a set- 
theoretic complete intersection in some positive characteristic if and only 
if it is a binomial set-theoretic complete intersection in the same character- 
istic. 

From Corollary [1] we know that, if the dimension n of V is at most 2, case 
(b) of Corollary [5] always occurs. On the contrary, for every n > 3, there 
are simplicial toric varieties of codimension 2 for each of the cases (a)-(c). 
On the other hand, Proposition H] tells us that case (b) is fulfilled whenever 
the parametrization of V is full. We give examples of the cases (a) and (c) 
for n = 3. 

Example 2 Let p be a prime and let Vt C K 5 be the affine toric variety 
attached to the set 

T = {(p, 0, a), (0,p, 6), (p, 0, 0), (0,p, 0), (0, 0,p)}, 

where a and b are positive integers not divisible by p. Let 

f x = {(p, 0, a)}, f 2 = {(0, p, 6), (p, 0, 0), (0, p, 0), (0, 0, p)}. 

Then 

^(p,0,a) = ^Ti n ff 2 . 
In fact, if A and \i are integers such that Xb + [ip = a, then 

(p, 0, a) = A(0,p, 6) + (p, 0, 0) - A(0,p, 0) + M (0, 0,p). 
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On the other hand, for every positive integer a, we have that a(p, 0, a) G 
INT 2 if and only if a(p, 0, a) G W{(p, 0,0), (0,0, p)}, which occurs if and 
only if p divides a. This shows that T is the p-gluing of T\ and T 2 , but 
not the (/-gluing of T\ and T 2 for any prime q 7^ p. In view of Theorem 
[H this implies that T is completely p- glued, but not completely (/-glued for 
any prime q ^ p. Hence p is the only positive characteristic in which Vt 
is a binomial set-theoretic complete intersection; in particular, Vt is not a 
complete intersection, hence, in view of Proposition [H it is not a binomial 
set-theoretic complete intersection in characteristic zero. In characteristic 
p, the variety Vt is defined by the vanishing of the binomials 

F 1 = tf-x{xt, F 2 = yl-xlxi 

According to Remark \E\ Vt is not a set-theoretic complete intersection in 
any characteristic other than p. 

Example 3 Let p, q be different primes and let V C K 5 be the afhne toric 
variety attached to the set 

T = {{pq, 0, a), (0,pq, b), (pq, 0, 0), (0,pq, 0), (0, 0,pq)}, 

where a and b are positive integers not divisible by p nor q. Let 

Xi = {(pq,0,a)}, f 2 = {(0,pq,b),(pq,0,0),(0,pq,0),(0,0,pq)}. 

Then 

Z(pq,0,a) = ZTi n HT 2 - 
In fact, if A and \i are integers such that Xb + /ipq = a, then 

(pq, 0, a) = X(0,pq, b) + (pq, 0, 0) - \(0,pq, 0) + p(0, 0,pq). 

On the other hand, for every positive integer a, we have that a(pq, 0, a) G 
i?VT2 if and only if a(pq, 0,a) G lN{(pq, 0, 0), (0,0, £>(/)}, which occurs if and 
only if pq divides a. This shows that T is the not the p-gluing of T\ and T 2 
for any prime p. In view of Theorem [H this implies that T is not completely 
p-glued for any prime p. Hence Vt is not a binomial set-theoretic complete 
intersection in any characteristic. 

The variety Vt belongs to the class considered in [5], Section 3 (see, in 
particular, Example 5). There it was shown that Vt is in fact not a set- 
theoretic complete intersection in any characteristic. 
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Proposition [7] and Corollary pimply that, if T is completely p-glued for some 
prime p, then T is the (/-gluing of fx and T 2 (or of T\ and T 2 ) either for 
every prime q, or for no prime q or only for q = p. The situation is different 
for higher codimensions. The next example, which refers to codimension 3, 
shows that the set 

T = {a,b,c,ei, . . . ,e n } 
can admit two different partitions 

T 1 = {a}, T 2 = {b,c,ei,...,e n }, 

fx = {b}, f 2 = {a,c,ei, . . . ,e n }, 

with respect to which it is only p- glued and only q- glued, respectively, where 
p and q are two distinct primes. 

Example 4 Let Vr C K e be the affine toric variety attached to the set 
T = {(3, 0, 3), (0, 4, 2), (3, 2, 1), (6, 0, 0), (0, 6, 0), (0, 0, 6)}, 

and let 

fx = {(3, 0, 3)}, f 2 = {(0, 4, 2), (3, 2, 1), (6, 0, 0), (0, 6, 0), (0, 0, 6)}. 
Then T 2 is completely p-glued for all primes p by Proposition [7J Moreover, 

(3, 0, 3) = (6, 0, 0) + (0, 6, 0) + (0, 0, 6) - (3, 2, 1) - (0, 4, 2), 
whence we deduce that 

#(3,0,3) = ZTx n #T 2 . 

For every positive integer a, we have that a(3, 0, 3) G iVT 2 if and only if 
a(3, 0, 3) G W{(6, 0, 0), (0, 0, 6)}, which occurs if and only if 2 divides a. 
This shows that T is the 2- gluing of Ti and T 2 , so that T is completely 2- 
glued; and it is not the p-gluing of fx and T 2 for any prime p 7^ 2. However, 
if 

Xi = {(0, 4, 2)}, f a = {(3, 0, 3), (3, 2, 1), (6, 0, 0), (0, 6, 0), (0, 0, 6)}, 

then T is the 3-gluing of fx and T 2 , so that T is also completely 3-glued; 
but it is not the p-gluing of fx and T 2 for any prime p 7^ 3. 
Finally, it turns out that, for all primes p, T is the p-gluing of 

fx = {(3, 2, 1)}, f 2 = {(3, 0, 3), (0, 4, 2), (6, 0, 0), (0, 6, 0), (0, 0, 6)}, 
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where T2 is completely p-glued. Hence T is completely p-glued for all primes 
p. 

We do not know of any affine toric variety of codimension at least 3 whose 
attached set is completely p-glued for two different primes p, but not for all 
primes p. The above example demonstrates that proving that such varieties 
do not exist in codimension greater than 2 would require arguments which 
differ substantially from those we have applied to the case of codimension 
2. 
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